Le, C.V., Nguyen-Xuan, H. and Nguyen-Dang, H. (2010) in which the pressure is equilibrated by corner loads only, ensuring that exact equilibrium relations associated with a uniform pressure can be obtained. Once the displacement or moment fields are approximated and the bound theorems applied, limit analysis becomes a problem of optimization. In this paper, the optimization problems are formulated in the form of a standard second-order cone programming which can be solved using highly efficient interior point solvers.
Introduction
The yield line theory has been proved to be an effective method to perform plastic analysis of slabs and plates [1, 2] . This well-known method can predict very good upper-bound of the actual collapse multiplier for many practical engineering problems. However, this hand-based analysis method encounters difficulties in problems of arbitrary geometry, especially in the problems involving columns or holes. Consequently, over last few decades various numerical approaches based on bound theorems and mathematical programming have been developed [3, 4, 5, 6, 7, 8, 9, 10] . Numerical limit analysis generally involves two steps: (i) numerical discretization; and (ii) mathematical programming to enable a solution to be obtained. The finite element method, which is one of the most popular numerical methods, is often employed to discrete velocity or stress fields. Of several displacement and equilibrium elements that have been developed for Krichhoff plates in bending, the conforming Hsieh-Clough-Tocher (HCT) [11] and equilibrium Morley elements [12] are commonly utilized in practical engineering. The original HCT element will be used in the paper without any modification while the Morley element will be modified by adding a complementary field. Once the stress or displacement fields are approximated and the bound theorems applied, limit analysis becomes a problem of optimization involving either linear or nonlinear programming. Problems involving piecewise linear yield functions or nonlinear yield functions can respectively be solved using linear or non-linear programming techniques [13, 14, 5, 15, 16] . However, difficulty exists in the upper-bound optimization problem is that the objective function is convex, but not everywhere differentiable. One of the most efficient algorithms to overcome this singularity is the primal-dual interior-point method presented in [17, 18] and implemented in commercial codes such as the Mosek software package [19] , such as second-order cone programming. The algorithm is also suitable for solving lower-bound limit analysis since most of yield conditions can be cast as a conic constraint [20] . These limit analysis problems can then be solved by this efficient algorithm [21, 22, 23] .
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In this paper two numerical procedures for upper and lower bound limit analysis of rigid-perfectly plastic plates governed by the von Mises criterion is proposed. A second degree moment field proposed by Debongnie and NguyenXuan [24, 25, 26] is added to Morley moment fields to achieve exact equilibrium relations when applying a uniform pressure to plates. The enhanced Morley (EM) element will be adopted in the lower-bound limit analysis of plate problems. Attention is also focused on treating the performance of yield condition in numerical limit analysis. The criterion of mean proposed in [27] will be used instead of the exact criterion which is required to strictly satisfy. Due to this weakness of the yield condition we expect to obtain only an approximation of lower-bound in the statically admissible limit analysis. Attempts are also made by formulating both upper and lower bound limit analysis problems in terms of a standard second-order cone programming (SOCP). To illustrate the method it is then applied to a series of plate bending problems, including those for which solutions already exist in the literature.
Limit analysis formulations

Limit analysis duality theorems
Consider a rigid-perfectly plastic body of volume Ω ∈ R 3 with boundary Γ.
Let Γ u and Γ g denote, respectively, an essential boundary (Dirichlet condition) where displacement boundary conditions are prescribed and a natural boundary (Neumann condition) where stress boundary conditions are assumed, Γ u ∪ Γ g = Γ. The external loads which are denoted by g and f , respectively subject to surface and volume of the body. Letu be a plastic velocity or flow field that belongs to a space Y of kinematically admissible velocity fields and σ be a stress field belonging to an appropriate space of symmetric stress tensor X.
The mathematical formulations for limit analysis will be briefly described in this section. More details can be found in [28, 22, 23] .
The external work rate of forces (g, f ) associated with a virtual plastic flow u is expressed in the linear form as
The internal work rate for sufficiently smooth stresses σ and velocity fieldsu is given by the bilinear form
where˙ (u) are strain rates.
The equilibrium equation is then described in the form of virtual work rate as follows
Furthermore, the stresses σ must satisfy the yield condition for assumed material. This stress field belongs to a convex set, B, obtaining from the used field condition. For the von Mises criterion,
where s ij denotes stress deviator tensor and k is a parameter depending on material properties.
If defining C = {u ∈ Y | F (u) = 1}, the exact collapse multiplier λ exact can be determined by solving any of the following optimization problems
= miṅ
where D(u) = max σ∈B a(σ,u) is the plastic dissipation rate. Problems (5) and (8) are knows as static and kinematic principles of limit analysis, respectively. 
where p is the transverse load and the differential operator ∇ 2 is defined by
Compatibility: If w denotes the transverse displacement, the curvature rates can be expressed by relationṡ
Flow rule and yield condition: In framework of a limit analysis problem, only plastic strains (curvatures) are considered and are assumed to obey the normality ruleκ =μ ∂ψ ∂m , where the plastic multiplierμ is non-negative and the yield function ψ(m) is convex. In this study, the von Mises failure criterion in the space of moment components is used
where m p = σ 0 t 2 /4 is the plastic moment of resistance per unit width of a plate of uniform thickness t, σ 0 is the yield stress and
The dissipation rate: The internal dissipation power of the two-dimensional plate domain A can be written as a function of curvature rates as
Details on the derivation of the dissipation for plate problems can be found in [6, 29] .
Finite element discretezation
Lower-bound formulation
In numerical lower-bound limit analysis problem, a statically admissible stress or moment field for an individual element is chosen so that equilibrium equations and stress continuity requirements within the element and along its boundaries are met. The well-known equilibrium Morley element with constant varying moment is the simplest model for practical engineering. It is, therefore, advantage to extent the use of the element to lower-bound limit analysis problem in this paper. The moment field m is assumed to vary constantly within 6 an element and expressed as
where I is a identity matrix and
T is an unknown vector.
The generalized loads comprise three corner loads Z 1 , Z 2 , Z 3 and three normal moments bending along edges m 12 , m 23 , m 31 as shown in Figure 1 . All generalized loads can be expressed in terms of moment parameters, if G denotes the generalized vector, the relations are written as
where
in which the direction cosines of the outward normal to the element boundary (c i , s i ) are determined as
and L ij is the length of edge ij.
It is important to note that, in the case when a uniform pressure is applied, the Morley element does not result in a exact equilibrium relation. This is because the equation (9) does not hold with the use of the constant moment fields. It is, therefore, necessary to add to the constant moment fields by a particular higher degree solution which has to be such chosen that side loads can be added to equilibrium elements of either degree one or degree zero has been proposed by [24, 25, 26] and can be expressed as
where a e is the area of an element and
T and is given as
This complementary mode is constructed based on a particular system of axes as shown in Figure 2 , in which the side 1-2 is chosen to be the X axis and Y must go through node 1 and is orientated so that Y 3 is positive. Three area coordinates are denoted by k 1 (X,Y), k 2 (X,Y) and k 3 (X,Y). The modified Morley element was called as enhanced Morley (EM) element by [26] .
Similarly, the three generalized loads at corners of the triangular element (17) is then rewritten as
The overall equilibrium for the structure can be obtained by assembling all local equilibrium equations of elements and expressed as
with β s = [β 1 β 2 . . . β 3 * nele λ], nele is the number of elements. Notes that 9 boundary conditions are also imposed here in the assemble scheme.
Furthermore, the modified moment field m is not allowed to violate the yield condition
However, in numerical analysis it is not always possible to satisfy this requirement since the yield condition is commonly fulfilled at Gauss points or nodes. Instead of strictly satisfying the exact criterion, Nguyen-Dang proposed the criterion of mean [27, 30] which is satisfied locally within element domains.
For plate problem the criterion of mean can be expressed as
Introducing the smoothed value of m the Eq. (28) can be rewritten as
where ρ is the smoothed version of m and given by ρ = 1 a e ae m da = β + λp
in which S is the exact integration of a e T da in the local coordinate OXY.
If defining
is the set of admissible discrete moments for each element, the lower-bound limit analysis (5) can be now written in terms of discrete moment space as
and accompanied by appropriate boundary conditions.
Upper-bound formulation
In The displacement expansion w (k) can be expressed in terms of area coordinates ζ = (ζ 1 , ζ 2 , ζ 3 ) over each sub-triangle as
where the partitions N The plastic dissipation for a sub-element is now formulated as
where ng = 3 is the number of Gauss integration points in each sub-element
, ξ j is the weighting factor of the Gauss point ζ j and κ (k) (ζ j ) are curvatures at the Gauss point ζ j
By summing all dissipations of all sub-elements and elements, the plastic dissipation of the whole plate is
Similarly, the work rate of applied loads can be expressed as
The upper-bound limit analysis of plate bending is now written as
4. Second-order cone programming
Conic programming
The general form of a Second-Order Cone Programming (SOCP) problem with N sets of constraints is written as follows
where x ∈ R n are the optimization variables, and the problem coefficients are 
and the rotated quadratic cone
Lower-bound programming
Since the matrix P is a positive definite matrix, the constraint (29) can be cast in terms of a conic quadratic constraint as
where J 1 is the so-called Cholesky factor of P
The lower-bound limit analysis of plates is then cast in the form of a secondorder cone programming as
Upper-bound programming
In order to cast the optimization problem (37) in the form of a standard second-order cone programming, its objective function is firstly formulated in a form involving a sum of norms as
where J 2 is the Cholesky factor of Q
By introducing auxiliary variables t 1 , t 2 , . . . , t nele×3×ng the present upperbound optimization problem can be rewritten in the form of a standard SOCP 14 problem as
in which r i ≤ t i expresses quadratic cones and r i are additional variables, where every r i is a 3×1 vector. The total number of variables of this optimization problem is sdof + 4 × 3 × ng × nele; sdof is the degrees of freedom of system.
Numerical examples
The numerical performance of the procedures are illustrated by applying it to uniformly loaded plate problems for which, in most cases, solutions already 
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limit analysis problems (31) and (37) are typically non-linear optimization problems and it can be solved using a general non-linear optimization solver, such as a sequential quadratic programming (SQP) algorithm (which is generalization of Newton's method for unconstrained optimization) [31] . Figure 5 shows that solutions obtained using SQP and SOCP algorithms are in very good agreement.
However, the SOCP algorithm produced solutions very much more quickly and somewhat more accurate, despite the fact that the number of variables involved was much greater (sdof + 4 × 3 × ng × nele cf. sdof when using SQP). To compute solutions for a mesh of 288 elements, the SOCP algorithm typically took only 5 ∼ 30 seconds, compared with 1280 ∼ 7000 seconds when using SQP. Moreover, the SOCP algorithm is able to solve problems up to 152148 of variables with less than 400 seconds CPU time (for the mesh of 4050 elements).
It is also important to note that the SOCP algorithm can be guaranteed to identify globally optimal solutions, whereas SQP cannot. [6] (**) Mixed approach [5] (***) Lower−bound in [3] λ + (HCT element)
The average value Figure 6 : Bounds on the collapse multiplier vs number of elements using SOCP
The performance of the presented numerical limit analysis procedures is further investigated in convergence analysis as shown in Figure 6 . It can be observed that both upper and lower bounds converge to the actual collapse multiplier when the size of elements tends to zero. A upper-bound of 45.12 was achieved by present method, which is slightly smaller than the solution previously obtained in [6] . In comparison with previously obtained lower-bound solution, the present method provides higher solutions than in [3] where quadratic moment fields were used, by 0.6 %.
The next example comprises a square plate with simply supported on all edges. Convergence analysis of collapse load multipliers is shown in Figure 7 . It can be seen from the figure that the upper-bound converges to the actual collapse multiplier when relatively small number of elements was used; and the gap between upper and lower bound is considerably smaller than the clamped case.
This may be explained by the fact that the displacement filed in this problem does not exhibit a singularity in the form of a so-called hinge along boundary.
The solutions obtained by the proposed method are in good agreement with previously achieved bounds. Considering previously obtained upper-bound solutions, the present method provides lower solutions than in [3, 6] , by 6.16 % and 0.01 %, respectively. Furthermore, a computed lower-bound of 24.93 was found, which is 0.3 % higher than the best lower-bound found in [3] where quadratic moment fields were used. [6] (**) Lower−bound in [3] λ + (HCT element)
The average value Figure 7 : Bounds on the collapse multiplier vs number of elements using SOCP
In the two examples examined above, the computed upper-bounds are slightly higher than solution in [29] where the Element-Free Galerkin method was used to approximate the displacement filed. However, the presented method can provide very tight lower-bound solutions and based on the computed bounds the actual collapse multiplier can be estimated, e.g. taking the mean value of the obtained upper and lower bounds. For these examples, the computed mean values are in excellent agreement with solutions in [5] . Finally, an L-shape plate subject to a uniform load was considered. The plate geometry and uniform mesh refinements are shown in Figure 10 and Figure 11, respectively. Collapse load multipliers for various numbers of elements are plotted in Figure 12 . The L-shape plate problem exhibits both stress and displacement singularities at the re-entrant corner. This evidently results in a slow convergence and the gap between upper and lower bounds are large despite that fact that a large number of elements was used. For this example, the computed upper-bound was found to be 6.289 which is lower than the best solution obtained previously in [29] .
Conclusions
The performance of the two novel numerical limit analysis procedures using finite element method in conjunction with second-order cone programming has been investigated. It has been shown that when limit analysis problems are cast in the form of a SOCP, the resulting optimization problems can be solved rapidly by such a efficient interior point algorithm, even though for cases when a very large number of variables involves. The proposed procedures are enable to mesh, particularly in the region of stress or displacement singularities. An au-
tomatically adaptive mesh refinement scheme can be performed to increase the accuracy of solutions. A well-known benefit from dual structure of limit analysis is that both the stress and velocity fields of the upper and lower bound problem can be determined. It is, therefore, relevant to investigate the performance of an adaptive scheme based on a posteriori error estimate using elemental and edge contributions to the bound gap [22, 23] .
